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1. Let Q be the field of rational numbers, p a prime number and Q, the 
completion of Q with respect to the p-adic valuation 1 * 1 D defined on Q by 
p-” if x = p”(r/s), where p f  r, p 7 s, 
Q, is the field ofp-adic numbers with ap-adic valuation 1 * I9 , the extension 
of the original valuation, which has the properties 
Clearly, Q, is a complete metric space with respect to the distance function 
d(x, y) = I x - y 13) so that the concepts of limit and continuity are 
defined in the usual way. 
Although p-adic numbers were introduced by Hensel at the end of the 
nineteenth century, the study of continuous functions of a p-adic variable 
is of a more recent date. In 1944 Dieudonnt [l] proved the analog of the 
Weierstrass theorem on approximation of real-valued continuous functions 
by polynomials: a continuous function f defined on a compact subset 
of Q, , with values in Q, , can be approximated uniformly by polynomials. 
Independently, in 1958, Mahler [2] (see also [3], Ch. 6) gave a more 
constructive proof of this theorem for continuous functions on the ring 
ofp-adic integers I = {x: I x IS < l}. 
Mahler’s theorem can be stated as follows: 
Let f: I + Q, be a continuous function and let 
a7L.f) = kgo (- lPk (;) f(k), n = 0, 1, 2 ,... . (1) 
412 
Copyright 0 1974 by Academic Press, Inc. 
All rights of repmduction in any form reserved. 
A SIMPLE PROOF OF MAHLER’S THEOREM 413 
Then the series 
i. adf) G) 
converges uniformly on I and 
f b) = : ak(f) (;)P 
k=O 
The basic idea of Mahler’s proof is very simple and elegant. From (1) it 
follows immediately that 
f@) = f ak(f) ($ n = O, l9 2,-. . (2) 
k=O 
If one shows that 
2% I df )I 9 = 0 (3) 
then the series cr=‘=, ak(f)(E) converges uniformly on Z and, since f is 
continuous, its sum is f(x) in view of (2) and the fact that non-negative 
integers are dense in I. However, the proof of relation (3) is based on 
certain properties of the cyclotomic extension of Q and algebraic integers 
in this extension and it is therefore not completely analytic in nature. 
2. The aim of this paper is to present another proof of Mahler’s 
theorem by giving a simple analytic proof of the basic relation (3). Our 
proof is based on the following identity, 
io(y) a,+df) = ~oFI)‘“-c (3fck +mh (4) 
valid for every m, n = 0, 1, 2,... . This identity, in a different form, is well 
known to numerical analysts. If we define 
Of(x) = f (- l>n-k (;) f(x + k> 
k=O 
then a,(f) = bf(0) and 
Anf(m) = i (-l)“-” (z).f(m + k). 
k=O 
Since 
An-f (x> = go (7) d”+jf (x - 4, 
(5) 
(6) 
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we have 
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and (4) follows from (5) and (7). 
The proof of (6) is elementary and it is included here for completeness. 
We have clearly 
Since 
it follows that 
f (7) Lljf(x - m) = f(x) 
i-0 
and (6) follows by applying the n-th difference operator to both sides of 
this relation. 
Proofof(3). Suppose that f : 1-t Q, is a continuous function. Then 
the function f is uniformly continuous on I. Hence, given any positive 
integer s, there exists a positive integer t such that 
X,YEI and I x -Y 12, GP-t => If(x) -f(Y>I, <p-“. 
In particular, 
If@ + ~3 -f(k>l, G P-~ for k = 0, 1, 2 ,... . (8) 
Since f is continuous on 1, it is bounded on I. Without loss of generality 
we can assume that 1 f(x)/, < 1 for every x E I. It follows then from (1) that 
l4m, G 1 for n = 0, 1, 2 ,... . (9) 
From (4) it follows that for every n = 0, 1, 2,... 
a ,,,t(f) = - ‘? (f) adf) + i (- lPk (l) (ftk + ~3 -f(k)>. 
j=l k=O 
(10) 
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Using the fact that 
p I cg’) for every j = l,...,pt - 1 
and inequality (8), we find that for every n = 0, 1, 2,... 
I ~,+,t(f>l, < maxW4 I q&)l, , 1 Gj G Pt - 1; l/P). (11) 
Hence, in view of (9), we have 
I Gsf)lP d VP for n >, pt. (12) 
Replacing n by n + pt in (11) and using inequality (12) instead of (9), we 
find that 
i an(f G l/p2 for n > 2pt. 
Repeating this argument s - 1 times we find that 
I %Wls G UP” for n 3 spt 
and (3) follows since s can be chosen arbitrarily large. 
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